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We present evidence for the existence of a quantum lower bound on the Bekenstein–Hawking 
temperature of black holes. The suggested bound is supported by a gedanken experiment in which a 
charged particle is dropped into a Kerr black hole. It is proved that the temperature of the ﬁnal Kerr–
Newman black-hole conﬁguration is bounded from below by the relation TBH × rH > (h¯/rH)2, where rH is 
the horizon radius of the black hole.
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It is well known [1,2] that, for mundane physical systems of 
spatial size R , the thermodynamic (continuum) description breaks 
down in the low-temperature regime T ∼ h¯/R (we shall use grav-
itational units in which G = c = kB = 1). In particular, these low 
temperature systems are characterized by thermal ﬂuctuations 
whose wavelengths λthermal ∼ h¯/T are of order R , the spatial size 
of the system, in which case the underlying quantum (discrete) na-
ture of the system can no longer be ignored. Hence, for mundane 
physical systems of spatial size R , the physical notion of temper-
ature is restricted to the high-temperature thermodynamic regime 
[1,2]
T × R  h¯ . (1)
Interestingly, black holes are known to have a well-deﬁned no-
tion of temperature in the complementary regime of low tem-
peratures. In particular, the Bekenstein–Hawking temperature of 
generic Kerr–Newman black holes is given by [3,4]
TBH = h¯(r+ − r−)
4π(r2+ + a2)
, (2)
where
r± = M + (M2 − a2 − Q 2)1/2 (3)
are the radii of the black-hole (outer and inner) horizons (here M , 
J ≡ Ma, and Q are respectively the mass, angular momentum, 
* Correspondence to: The Ruppin Academic Center, Emeq Hefer 40250, Israel.
E-mail address: shaharhod@gmail.com.http://dx.doi.org/10.1016/j.physletb.2016.06.021
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.and electric charge of the Kerr–Newman black hole). The rela-
tion (2) implies that near-extremal black holes in the regime 
(r+ − r−)/r+  1 are characterized by the strong inequality [5]
TBH × r+  h¯ . (4)
It is quite remarkable that black holes have a well deﬁned no-
tion of temperature in the regime (4) of low temperatures, where 
mundane physical systems are governed by ﬁnite-size (quantum) 
effects and no longer have a self-consistent thermodynamic de-
scription.
One naturally wonders whether black holes can have a physi-
cally well-deﬁned notion of temperature all the way down to the 
extremal (zero-temperature) limit TBH × r+/h¯ → 0? In order to ad-
dress this intriguing question, we shall analyze in this paper a 
gedanken experiment which is designed to bring a Kerr–Newman 
black hole as close as possible to its extremal limit. We shall show 
below that the results of this gedanken experiment provide com-
pelling evidence that the Bekenstein–Hawking temperature of the 
black holes is bounded from below by the quantum inequality 
TBH × r+  (h¯/r+)2.
2. The gedanken experiment
We consider a spherical body of proper radius R , rest mass μ, 
and electric charge q which is slowly lowered towards a Kerr black 
hole of mass M and angular momentum J = Ma along the sym-
metry axis of the black hole (we shall assume q > 0 and a > 0
without loss of generality). The black-hole spacetime is described 
by the line element [6,7]
ds2 = − 
2
(dt − a sin2 θdφ)2 + ρ
2
dr2 + ρ2dθ2
ρ 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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2 θ
ρ2
[
adt − (r2 + a2)dφ]2 , (5)
where  ≡ r2 − 2Mr + a2 and ρ2 ≡ r2 + a2 cos2 θ [here (t, r, θ, φ)
are the Boyer–Lindquist coordinates].
The test-particle approximation implies that the parameters of 
the body are characterized by the strong inequalities
μ  R  r+ . (6)
These relations imply that the particle which is lowered into the 
black hole has negligible self-gravity (that is, μ/R  1) and that it 
is much smaller than the geometric length-scale set by the black-
hole horizon radius. In addition, the weak (positive) energy condi-
tion implies that the radius of the charged body is bounded from 
below by its classical radius [8–10]
R ≥ Rc ≡ q
2
2μ
. (7)
This inequality ensures that the energy density inside the spherical 
charged body is positive [11].
The energy [12] of the charged body in the near-horizon black-
hole spacetime is given by [11,13]
E(r) = μ
√
r20 − 2Mr0 + a2
r20 + a2
+ Mq
2
2(r20 + a2)
, (8)
where r = r0 is the radial coordinate of the body’s center of mass 
in the black-hole spacetime. The ﬁrst term on the r.h.s. of (8) rep-
resents the energy associated with the rest mass μ of the body 
red-shifted by the black-hole gravitational ﬁeld [3,14]. The second 
term on the r.h.s. of (8) represents the self-energy of the charged 
body in the curved black-hole spacetime [11,13,15,16].
The proper height l of the body’s center of mass above the 
black-hole horizon is related by the integral relation [3]
l(r0) =
r0∫
r+
√
r2 + a2
r2 − 2Mr + a2 dr (9)
to the Boyer–Lindquist radial coordinate r0. In the near-horizon l 
r+ region one ﬁnds the relation
r0(l) − r+ = (r+ − r−) l
2
4α
[1+ O (l2/r2+)] , (10)
where α ≡ r2+ + a2. Taking cognizance of Eqs. (8) and (10), one 
ﬁnds
E(l) = (r+ − r−)μl + Mq
2
2α
· [1+ O (l2/r2+)] (11)
for the energy of the body in the near-horizon l  r+ region.
Suppose now that the charged object is slowly lowered towards 
the black hole until its center of mass lies a proper height l0 (with 
l0 ≥ R) above the black-hole horizon. The object is then released to 
fall into the black hole. The assimilation of the charged body by the 
black hole produces a ﬁnal Kerr–Newman black-hole conﬁguration 
whose physical parameters (mass, charge, and angular momentum) 
are given by
M → Mnew = M + E(l0) ;
a → anew = a[1− E(l0)/M + O (E2/M2)] ;
Q = 0 → Q new = q . (12)
The change in the black-hole temperature caused by the assimila-
tion of the charged body can be quantiﬁed by the dimensionless 
physical function	(a¯) ≡ TBH
TBH
, (13)
where a¯ ≡ a/M is the dimensionless angular momentum of the 
black hole [17].
Our goal is to bring the black hole as close as possible to its ex-
tremal (zero-temperature) limit. Thus, we would like to minimize 
the value of the dimensionless physical parameter 	. In particular, 
we would like to examine whether 	(a¯), the dimensionless change 
in the black-hole temperature, can be made negative all the way 
down to the extremal a¯ → 1 (zero-temperature, TBH → 0) limit.
We shall henceforth consider black holes in the regime
a¯ ≥
√
2
√
3− 3 , (14)
in which case a minimization of the energy delivered to the 
black hole also corresponds to a minimization of the Bekenstein–
Hawking temperature of the ﬁnal black-hole conﬁguration [18]. 
The fact that the energy E(l0) of the charged particle in the black-
hole spacetime is an increasing function of the dropping height l0
[see Eq. (11)] implies that, in order to minimize the physical pa-
rameter 	(a¯) in the regime (14), one should release the body to 
fall into the black hole from a point whose proper height above 
the black-hole horizon is as small as possible. We therefore face 
the important question: How small can the dropping height l0 be 
made?
As pointed out by Bekenstein [3], the expression (11) for the 
energy of our charged spherical object in the black-hole spacetime 
is only valid in the restricted regime l0 ≥ R , where every part of 
the body is still outside the horizon. This fact implies, in particu-
lar, that the adiabatic (slow) descent of the charged spherical body 
towards the black hole must stop when its center of mass lies a 
proper height l0 → R+ above the horizon. At this point the bottom 
of the body is almost swallowed by the black hole and the body 
[having a minimized (red-shifted) energy E(l0 → R)] should then 
be released to fall into the black hole [3]. In addition, remember-
ing that the weak (positive) energy condition sets the lower bound 
(7) on the proper radius of the charged spherical body, one ﬁnds 
the relation [19]
lmin0 = Rmin =
q2
2μ
(15)
for the optimal dropping point of the charged body [that is, the 
dropping point for which the energy delivered to the black hole, 
and thus also the physical parameter 	(a¯), are minimized].
Substituting (15) into (11), one ﬁnds the remarkably simple 
(and universal [20]) expression
Emin(a¯) = q
2
4M
(16)
for the minimal energy delivered to the black hole by the charged 
body. Taking cognizance of Eqs. (2), (12), (13), and (16), one ﬁnds 
the universal expression [21,22]
	min(a¯) = − q
2
4M2
(17)
for the smallest possible (most negative) value of the dimension-
less physical parameter 	(a¯) which quantiﬁes the change in the 
black-hole temperature caused by the assimilation of the charged 
body [Note that the relation q2 = 2μR  r2+ for our charged spher-
ical object [see Eqs. (6) and (7)] implies |TminBH |  TBH. Here 
TminBH denotes the most negative value which is physically al-
lowed for the change TBH in the black-hole temperature in our 
gedanken experiment.]. Interestingly, one ﬁnds from (17) the char-
acteristic inequality
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which is valid for all values a¯ ∈ [0, 1) of the black-hole rotation 
parameter. The simple inequality (18) implies that, by absorbing 
charged particles, the black hole can approach arbitrarily close to 
the extremal (zero-temperature) TBH → 0 limit.
It is important to emphasize again that this conclusion is based 
on the assumption [3] that the charged body can be lowered 
adiabatically (slowly) until its bottom almost touches the black-
hole horizon [23]. In the next section we shall show, however, 
that Thorne’s famous hoop conjecture [24] implies that, for near-
extremal black holes, the charged body cannot be lowered adiabat-
ically all the way down to the horizon of the black hole.
3. The hoop conjecture and the lower bound on the black-hole 
temperature
In the previous section we have seen that, by absorbing a 
charged particle, a black hole can approach arbitrarily close to the 
extremal (zero-temperature) TBH → 0 limit. As we have empha-
sized above, this interesting conclusion rests on the assumption 
that the charged body can be lowered slowly all the way down 
to the horizon of the black hole [23]. In the present section we 
shall show, however, that Thorne’s famous hoop conjecture [24]
sets a lower bound on the minimal proper height lmin0 that the 
charged body can approach the black-hole horizon without being 
absorbed, a bound which may be stronger than the previously as-
sumed bound (15).
The Thorne hoop conjecture [24] asserts that a physical system 
of total mass (energy) M forms a black hole if its circumference 
radius rc is equal to (or smaller than) the corresponding radius 
rSch = 2M of the Schwarzschild black hole. It is worth emphasizing 
that the validity of this version of the hoop conjecture is supported 
by several studies [25]. However, it is also important to emphasize 
the fact that there are known spacetime solutions of the Einstein 
ﬁeld equations which provide explicit counterexamples to this ver-
sion of the hoop conjecture [26,27].
A weaker (and therefore a more robust) version of the hoop 
conjecture for spacetimes with no angular momentum was sug-
gested in [28,29]. Here we would like to generalize this weaker 
version of the hoop conjecture to the generic case of spacetimes 
which possess angular momentum and electric charge. In particu-
lar, we conjecture that: A physical system of mass M , angular mo-
mentum J , and electric charge Q forms a black hole if its circum-
ference radius rc is equal to (or smaller than) the corresponding
Kerr–Newman black-hole radius rKN = M +
√
M2 − ( J/M)2 − Q 2. 
That is, we conjecture that
rc ≤ M +
√
M2 − ( J/M)2 − Q 2 =⇒ Black-hole horizon exists .
(19)
In the context of our gedanken experiment, this weaker version 
of the hoop conjecture implies that a new (and larger) horizon 
is formed if the charged body reaches the radial coordinate r0 =
rhoop, where rhoop(μ, q) is deﬁned by the Kerr–Newman functional 
relation [see Eq. (3)]
rhoop = M + E(rhoop)
+
√
[M + E(rhoop)]2 − { J/[M + E(rhoop)]}2 − (Q + q)2 .
(20)
Substituting (8) into (20), and assuming rhoop − r+  r+ − r−  r+
[30], one ﬁnds
rh
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2μ2
r+ − r− (21)
r the radius of the new horizon (here we have used the approx-
ated relations a¯  1 and α  2r2+ for near-extremal black holes 
ith a  M  r+), where
≡ 1+
√
1− q
2
8μ2
· τ with τ ≡ r+ − r−
r+
. (22)
Substituting the radial coordinate (21) into Eq. (10), one ﬁnds
hoop) = 4βμ
τ
. (23)
king cognizance of Eqs. (15) and (23) one realizes that, in the 
gime
hoop) > R
min = q
2
2μ
, (24)
new (and larger) horizon is formed [31] before the spherical 
arged body [32] touches the horizon of the original black hole. 
us, in the regime (24), one should take [33]
in = l(rhoop) (25)
 Eq. (11) in order to minimize the energy delivered to the black 
le by the charged body [It is worth emphasizing again that, in 
e regime (14), a minimization of the energy (11) which is deliv-
ed to the black hole also corresponds to a minimization of the 
mensionless physical parameter 	 which quantiﬁes the change 
 the black-hole temperature (see [18] and [22]).]. This implies 
ere we use the approximated relations a¯  1 and α  2r2+ for 
ar-extremal black holes with a  M  r+)
in(a¯) = 4βμ
2 + q2
4r+
(26)
r the smallest possible energy delivered by the charged particle 
 the black hole in the regime (24). Taking cognizance of Eqs. (2), 
2), (13), and (26), one ﬁnds the relation
min(a¯) =
8βμ2
τ − q2
2r2+
√
1− a¯2 (27)
 the regime (24).
Interestingly, one ﬁnds from (27) that the black-hole-charged-
dy system is characterized by the inequality
min(a¯) > 0 (28)
 the regime (24). Note, in particular, that the inequality (24) is 
tisﬁed by near-extremal black holes whose dimensionless tem-
rature τ is characterized by the relation [see Eqs. (22) and (23)]
<
8μ2
q2
. (29)
king cognizance of Eqs. (28) and (29) one realizes that, in our 
danken experiment, the Bekenstein–Hawking temperature of the 
ack holes cannot be lowered below the critical value
c
H × r+ =
h¯
π
· μ
2
q2
, (30)
here μ and q are the proper mass and electric charge of the ab-
rbed particle, respectively (here we have used the approximated 
lation TBH × r+  τ h¯/8π for the near-extremal Kerr–Newman 
ack holes with a¯  1).
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black-hole temperature
Thus far, we have analyzed the gedanken experiment at the 
classical level. It is important to emphasize, however, that the well 
known quantum buoyancy effect [34] in the black-hole spacetime 
should also be taken into account in the present gedanken exper-
iment. This quantum buoyancy effect stems from the fact that the 
slowly lowered object interacts with the quantum thermal atmo-
sphere of the black-hole spacetime [34,35].
In particular, as shown by Bekenstein [35], the quantum buoy-
ancy effect shifts the optimal dropping point of the object (that 
is, the dropping point for which the energy delivered to the black 
hole is minimized) from lmin0 = R [see Eq. (15)] to a slightly higher 
point whose proper radial distance from the black-hole horizon is 
given by [35]
lmin0 = (1+ ) · R , (31)
where the dimensionless factor  is given by [35,36]
 ≡
√
N
720π
· h¯
μR
(32)
and N is the effective number of quantum radiation species [35]. 
The quantum shift (increase) R [see Eq. (31)] in the radial proper 
distance of the optimal dropping point results in a quantum in-
crease  · (r+ − r−)μR/α [35] in the energy delivered to the black 
hole. Taking into account this quantum buoyancy increase in the 
energy delivered to the black hole, one ﬁnds that the classical 
expression (17) for the dimensionless function 	(a¯) acquires a 
positive quantum correction term. In particular, for near-extremal 
black holes the quantum-mechanically corrected expression for 
	(a¯) is given by (here we use the approximated relations a¯  1
and α  2r2+ for near-extremal black holes with a  M  r+) [32]
	min(a¯ → 1) = − q
2
4M2
·
(
1−  · 8r+
r+ − r−
)
. (33)
Interestingly, one ﬁnds from (33) that the black-hole-charged-
body system is characterized by the inequality
	min(a¯) > 0 (34)
in the regime
τ < 8 . (35)
The relations (34) and (35) imply that, due to the quantum buoy-
ancy effect [34,35], the Bekenstein–Hawking temperature of the 
black holes cannot be lowered below the critical value (here we 
use the approximated relation TBH × r+  τ h¯/8π for the near-
extremal Kerr–Newman black holes with a¯  1)
T cBH × r+ =  ·
h¯
π
. (36)
Interestingly, the quantum lower bound (36) becomes stronger 
than the classical lower bound (30) in the regime  > μ2/q2, 
which corresponds to charged objects [32] in the regime q >
(360π/Nh¯)1/2μ2.
5. Summary and discussion
We have analyzed a gedanken experiment in which a spher-
ical charged particle is lowered into a Kerr black hole. It was 
shown that if the charged particle can be lowered slowly all the way down to the horizon of the black hole, then the Bekenstein–
Hawking temperature of the ﬁnal black-hole conﬁguration can ap-
proach arbitrarily close to the extremal (zero-temperature) TBH →
0 limit.
However, we have shown that Thorne’s famous hoop conjec-
ture [24] [and also its weaker (and more robust) generalization 
(19)] implies that, for near-extremal black holes in the regime (29), 
a new (and larger) horizon is already formed before the charged 
particle touches the horizon of the original black hole. The hoop 
conjecture therefore implies that, in our gedanken experiment, the 
temperature of the ﬁnal [37] black-hole conﬁguration cannot ap-
proach arbitrarily close to zero [38]. In particular, we have proved 
that the Bekenstein–Hawking temperature of the black holes is an 
irreducible quantity in the near-extremal regime TBH < T cBH deter-
mined by the critical temperature (30).
It is worth emphasizing that we have provided in this paper 
only one speciﬁc example, not a general proof, to the fact that the 
black-hole temperature cannot approach arbitrarily close to zero. 
Nevertheless, this intriguing conclusion of our gedanken experi-
ment [39] makes it tempting to conjecture that the Bekenstein–
Hawking temperature of black holes is bounded from below by the 
simple universal relation [see Eq. (30)] [40–42]
TBH × r+ 
( h¯
r+
)2
. (37)
We believe that it would be highly important to test the general 
validity of the conjectured lower bound (37) on the Bekenstein–
Hawking temperature of the black holes.
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Bekenstein–Hawking temperature of the black holes is universal in the sense 
that it is independent of the physical parameters (proper mass and electric 
charge) of the captured particle which was used in our gedanken experiment 
in order to infer the bound.
[42] It is worth noting that, taking cognizance of Eq. (36) and using the strong 
inequalities μ  r+ and R  r+ [see Eq. (6)], one can obtain the stronger 
lower bound T cBH × r+  h¯3/2/r+ on the Bekenstein–Hawking temperature of 
the black holes. Note, however, that this bound, which is a direct consequence 
of the quantum buoyancy effect, is probably of no relevance if, instead of being 
lowered slowly towards the black hole, the charged particle splits off from a 
larger body which falls freely (and thus experiences no buoyant force) towards 
the black hole (note that, in order to deliver as small as possible energy to the 
black hole, the splitting of the larger body into two particles should take place 
in the near-horizon region and, in addition, the second particle should escape 
the black hole). We therefore believe that the relation (37) should be regarded 
as the more fundamental bound on the Bekenstein–Hawking temperature of 
the black holes (that is, a generic bound which is independent of the manner 
in which the charged object arrives at the near-horizon region).
